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Abstract

An explanation is provided for the experimentally observed temperature dependence of the solubility and the
solubility minimum of non-polar gases in water. The influence of solute size and solute]water attractive interactions
on the solubility minimum temperature is investigated. The transfer of a non-polar solute from the ideal gas into
water is divided into two steps: formation of a cavity in water with the size and shape of the solute and insertion of
the solute in this cavity which is equivalent to ‘turning on’ solute]water attractive interactions. This two step process
divides the excess chemical potential of the non-polar solute in water into repulsive and attractive contributions,
respectively. The reversible work for cavity formation is modeled using an information theory model of hydrophobic
hydration. Attractive contributions are calculated by modeling the water structure in the vicinity of non-polar solutes.
These models make a direct connection between microscopic quantities and macroscopic observables. Moreover,
they provide an understanding of the peculiar temperature dependences of the hydration thermodynamics from
properties of pure water; specifically, bulk water density and the water oxygen]oxygen radial distribution function.
Q 1999 Elsevier Science B.V. All rights reserved.

1. Introduction

Hydrophobic hydration and the interaction of
hydrophobic solutes in aqueous media have at-
tracted considerable attention as a result of their
role in stabilizing folded proteins as well as mi-
celles, membranes, and macromolecular assem-

w xblies 1]4 . Phase behavior of proteins and assem-
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blies of amphiphilic molecules show peculiar vari-
ations with temperature and pressure. Heat, pres-

w xsure, or cold denaturation of proteins 5]8 , as
well as variation of critical micelle concentration
Ž .CMC with temperature and the length of the

w xhydrophobic tail of surfactants 9 are examples
where hydrophobic effects play an important role
in macromolecular stability. A quantitative de-
scription of the temperature and pressure depen-
dence of hydrophobic phenomena for simple
non-polar solutes has given insights into the ther-
modynamic stability of more complicated systems,
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such as proteins and micelles. One example is the
convergence of entropies of unfolding of globular
proteins with increasing temperature that has also
been observed for the transfer of simple hy-

w xdrophobic solutes from gas phase into water 6 .
Application of an information theory model to
hydrophobic hydration not only offered a quanti-
tative explanation of the entropy convergence for
simple hydrophobic solutes but also provided in-
sights into the origin of entropy convergence in

w xprotein unfolding 10 . The observations made
about the origin of entropy convergence at a
microscopic level using a molecular theory also
hold when viewed from a macroscopic perspec-
tive. Specifically, the equation of state of bulk
water provides essential elements of a qualitative
explanation.

A well known peculiarity of hydrophobic hydra-
tion is the non-monotonic temperature depen-
dence of the solubility of non-polar solutes in

w xwater 11 . As temperature is increased from near
room temperature, the solubility of many non-
polar gases in water decreases before reaching a
minimum and then increasing again at higher
temperatures. Both macroscopic thermodynamic
models and extensive calculations based on com-
puter simulations of hydrophobic solubilities in
water have been used previously to describe this

w xbehavior 12,13 . Although the solubility mini-
mum of non-polar gases in water has been

w xobserved in these simulations 13 , a satisfactory
molecular explanation of this phenomenon has

w xbeen elusive 14 .
In this paper, we focus specifically on the solu-

bility minimum of non-polar gases in water with
increasing temperature. We use perturbation the-
ory ideas analogous to those used in the Pratt]

w xChandler theory 15,16 in combination with the
w xinformation theory approach 17 . These theories

are used to model contributions to the excess
chemical potential arising from repulsive and at-
tractive solute]water interactions. Chemical po-

Ž .tentials of spherical Lennard]Jones LJ solutes
in the size range of noble gases, and their

w x Ž .Weeks]Chandler]Andersen 18 WCA and
Ž .hard-sphere HS equivalents are calculated by

extensive test particle insertions in pure liquid
water configurations over a range of tempera-

tures. This separation allows us to formulate a
molecular explanation for the existence of solubil-
ity minima. We also illustrate how solute]water

Ž .repulsive interactions i.e. solute size and
solute]water attractive interactions affect the
temperature at which the solubility minimum oc-
curs. Finally, we comment on how the modeling
presented here is directly relevant to the observed
minimum in the CMC with increasing tempera-
ture for ionic as well as non-ionic surfactants. The
dependence of the temperature of minimum CMC
on the length of hydrophobic and hydrophilic
parts of non-ionic surfactants is also explained
qualitatively.

2. Theory

The transfer of a hydrophobic solute from an
ideal gas phase into water can be divided into two
steps: formation of a cavity in water with the size
and shape of the solute and insertion of the
solute in this cavity which is equivalent to ‘turn-

w xing on’ solute]water attractive interactions 11,19 .
The process of creating a cavity in a liquid is
unfavorable and the corresponding free energy
positive. The latter contribution is usually favor-
able owing to the solute]water attractive interac-
tions. This two step process divides the excess
chemical potential of the non-polar solute in wa-
ter into repulsive and attractive contributions,
respectively. Our goal in this paper is to obtain a
simple representation of the excess chemical po-
tential of a LJ solute in water as well as its
temperature dependence. In obtaining such a
representation, exhaustive computer simulation
data and molecular theories are used to gain
insight. Ultimately we strive for an explanation
based on macroscopic observable properties of
pure water together with some simple structural
information.

2.1. Perturbation theory

The excess chemical potential of a LJ solute
w xcan be calculated using the expression 20,21 ,
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e x e xŽ .m ym uL J 0 at t Ž .exp y s exp y , 1¦ ;ž /k T k TB B 0

where 0 indicates a reference solute with purely
repulsive solute]water interaction energy u ,0

Ž .u s u y u is the difference betweenat t L J 0
LJ]water and reference solute]water interaction

² :energies, and ??? indicates canonical thermal0

averaging over the reference system Hamiltonian.
Also, k is Boltzmann’s constant, and the super-B
script ‘ex’ indicates an excess chemical potential
with respect to the ideal gas phase for both the

Ž .LJ and the reference solute. Expanding Eq. 1 in
w xterms of cumulants 20 of u we obtainat t

1e x e x ² : Ž . Ž .m sm q u y var u q ??? , 20L J 0 at t at t2k TB

Ž .where var u indicates the variance of u inat t at t
the reference state 0. The higher order terms are
the cumulants of order three and larger for the
distribution of u in the reference state. A ref-at t
erence state that has been successful in describ-
ing the properties of condensed liquid systems
was introduced by Weeks, Chandler, and Ander-

w xsen 18 . The short-range solute]water repulsive
interactions are defined as:

Ž . 1r6u r qe for r-2 sL JŽ . Ž .u r s 3W C A ½ 0 otherwise.

where s and e are size and energy parameters
for an LJ interaction, respectively, and the sub-
script WCA indicates the reference solute. The
remaining attractive part of the solute]water in-
teractions is:

ye for r-21r6sŽ . Ž .u r s 4at t ½ Ž .u r otherwise,L J

and,

12 6s sŽ . Ž .u r s4e y . 5L J ž / ž /r r

For such a separation, the structural organization
of water around an LJ solute and that around the

corresponding WCA solute will be similar, with
repulsive interactions dominating the hydration

w xstructure 16 . Note that this separation into at-
tractive and repulsive interactions for a con-
densed system is reasonable but not unique. Only
the first order perturbation term is expected to
contribute significantly to the excess chemical po-
tential in addition to the reference term in Eq.
Ž .2 . Therefore, we write

e x e x ² : Ž .m fm q u . 6W C AL J W C A at t

This equation gives an approximate separation of
the chemical potential into repulsive and attrac-
tive contributions. In the following, we model
each of these terms using readily available infor-
mation for model systems.

The chemical potential of a WCA solute can be
approximated by the chemical potential of a HS
solute of equivalent radius. Many possible pre-
scriptions are available for determining the
‘equivalent’ HS radius corresponding to a given

w x1continuous potential 22 . For example, a ther-
modynamic definition can be chosen such that the
free energies of HS and WCA systems are ap-
proximately equal. Here we choose the equivalent
HS radius based on the water structure in the
vicinity of WCA solutes. The smallest distance at
which the solute]water radial distribution func-
tion reaches the value of one is chosen as the sum
of the solute and water HS radii, or equivalently,

w xthe cavity radius for a given solute 17 . Estimates
of equivalent HS radii for different solutes are
obtained from preliminary test particle insertion
calculations. Note that the resulting HS radius is
weakly temperature dependent. Once the equiva-
lent HS radius is chosen, we use the information
theory approach to model the repulsive part of
the excess chemical potential as described below.

1We note that the specific choice of the equivalent hard
sphere radius will not affect the general conclusions on the
temperature dependence of the solubility of hydrophobic so-
lutes obtained in this paper.
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2.2. Information theory approach to HS chemical
potentials

The excess chemical potential, me x , of a hard-HS
core solute in water is related to the probability,
p , of forming a cavity in water with the size and0

w xshape of the solute by 23

e x Ž .m sykT ln p . 7HS 0

For a successful insertion of a spherical hard-core
solute with radius r , the water oxygens must beHS
excluded from a spherical volume of radius rs
r q r , where r is the equivalent hard-coreHS W W
radius of a water molecule. For convenience, we
will focus on the cavity radius r in the discussion
that follows.

Here we outline only the salient features of the
information theory approach for calculating p ,0
which has been discussed in detail elsewhere
w x17,24 . Formation of a cavity constitutes a fluc-
tuation in the equilibrium density of the bulk
fluid. A given molecular volume ¨ contains, on
average, a number r¨ of solvent particles, where
r is the number density of solvent particles in
bulk phase. The number of particles in the obser-
vation volume fluctuates. The information theory
approach models the distribution p , then
probability of observing exactly n solvent centers
inside a given molecular volume ¨ . Information
about the moments of this distribution is used as
constraints in a maximum entropy formulation to
provide the ‘best possible’ description of p thatn
satisfies those constraints. The quantity of inter-
est, p , the probability of observing 0 solvent0
centers in the molecular volume ¨ is then just
one of the elementary events.

The k th moment of the particle number dis-
tribution given by

`
k k² : Ž .n s n p 8Ý n

ns0

is related to the k th order particle]particle corre-
lation function in the bulk solvent. In particular,
the 0th, 1st, and 2nd moment can be expressed in

terms of experimentally available quantities:

`

² : Ž .1 s p s1 9Ý n
ns0

`

² : Ž .n s np sr¨ 10Ý n
ns0

`
2 2 2² : Ž < <.n s n p sr¨ q r dr dr9g ryr9 ,Ý H Hn

¨ ¨ns0

Ž .11

² :where ??? denotes the canonical average and
Ž < <.g ryr9 is the water oxygen]oxygen radial dis-

tribution function in the bulk water phase.
To obtain the best possible description of p ,n

w xthe relative or cross entropy h given by 25

` pnŽ� 4 . Ž .h p sy p ln 12Ýn n ž /p̂nns0

is maximized subject to the moment constraint
Ž . Ž . Ž . Ž .Eqs. 9 , 10 and 11 . The p in Eq. 12 repre-n̂

sent a default model chosen empirically. Details
of default models as well as the practical aspects
relating to calculation of moments and the max-

Ž w x.imization procedure are given elsewhere see 24 .
ŽA flat default model p s1 for nFn andn̂ m a x

.p s0 otherwise results in a discrete Gaussian-n̂
like form of p with given mean and variance.n
Maximization using the Lagrange multiplier

w xmethod gives 17

l0ql 1 nql2 n2 Ž .p sp e , 13ˆn n

where l , l , and l are Lagrange multipliers0 1 2
that are chosen to satisfy the constraint Eqs.
Ž . Ž .9 ] 11 . For a flat default model, the above
equation can be written in an approximate but
more familiar form as,

2Ž .1 nyr¨ Ž .p f exp y , 14n 22 ² :2 d n' ² :2p d n

² 2: ²Ž ² :.2:where d n s ny n is the variance of
the number of particles in a given molecular
volume ¨ .
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2.3. Attractï e contributions to the chemical potential

Ž .Formally, the attractive contribution in Eq. 6
is given by,

`
2² : Ž . Ž . Ž .u s 4p r ru r g r dr , 15W C A Hat t at t W C AyO

0

Ž .where g r is the radial distribution func-W C Ay O
tion between the WCA reference solute and wa-
ter oxygen. The exact functional form of

Ž .g r is determined by the potential of meanW C Ay O
Ž .force PMF between a water molecule and the

reference solute. It was found previously that, for
reasonably small solutes, the solvent-mediated
contribution to the solute]water PMF is practi-
cally independent of solute]water interactions
Ž .i.e. independent of solute]water s and e , after
its appropriate radial translation to account for

w xsolute size differences 16 . Thus, for weak so-
lute]water interactions, the water structure
around the solute is approximately identical for
various solutes, except for its trivial radial transla-

w xtion 16,26,27 . The subtle effects of a ‘cavity
w xexpulsion potential’ 16 come into play in any

significant manner only for much larger solutes
Ž . Ž .s)0.5 nm . The g r can thus be ap-W C Ay O
proximated by a single functional form for a
variety of solutes.

Use of an accurate form of the ‘universal’
solvent-mediated solute]water potential of mean
force in a perturbation approach to calculate

Ž .g r constitutes a truly molecular theoryW C Ay O
w xfor the solute]water attractive interactions 16 .

Qualitatively, the attractive contribution is ex-
pected to be dominated by the long range part of
the solute]water interactions where details of

Ž .g r are less important. Hence, we make aW C Ay O
Ž .crude approximation for g r as follows:W C Ay O

0 for r-s¡
1r6~Ž . g for sF rF2 s Ž .g r f 16maxW C AyO ¢ 1r61 for r)2 s

g can be interpreted as the height of the firstmax
peak of the WCA solute]water radial distribution
function. The position of the first peak of

Ž . 1r6g r is expected to be between s and 2 sW C A- O
Ž w x.see 16 . Thus, the g part of the radial dis-max
tribution function represents approximately the
contribution from the attractive interactions with
water in the first hydration shell. In that sense,
g can be considered as an adjustable parame-max
ter. Such a crude representation is deliberate for
it allows us to understand how the attractive
contribution depends on the properties of pure
water and solute]water attractive interactions.
Also, simple relationships become apparent that
are hidden in an exact treatment. Integrating Eq.
Ž .15 using this simple model for the radial dis-
tribution function, we obtain

34pres ' '² : Ž .u fy g 2 y1 q5 2 r3W C Aat t max3
Ž .17

This expression constitutes the second part of the
solute chemical potential in terms of quantities
that are readily available. In particular, the at-
tractive contribution is directly proportional to
the bulk water density r, the solute]water attrac-
tive interaction parameter e , and the volume of
the solute 4ps 3r3. In what follows we use Monte
Carlo simulations to verify the validity of the

Ž . Ž .approximations leading to Eqs. 6 and 17 .

2.4. Computer simulations and test particle insertions

Ž .Monte Carlo MC simulations of 256 simple
Ž . w xpoint charge SPC water 28 molecules were

w xperformed in the canonical ensemble 29 . Simu-
lations were carried out at eight different temper-
atures between 280 K and 470 K along the experi-

w xmental saturation curve of water 10 . Ewald sum-
mation was used for electrostatic interactions
w x30,31 . 150 000 Monte Carlo passes were used for
equilibration followed by 250 000 passes for pro-
duction, where one pass corresponds to an at-
tempted MC move of each water molecule. Water
configurations were saved during the production
run every 25 passes. Thus, a total of 10 000 con-
figurations were used for further analysis. Ap-
proximately 36 h of CPU time were required for
400 000 passes performed at each temperature on
an SGI R10K processor.
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Water oxygen]oxygen radial distribution func-
tions were calculated from the pure water con-
figurations and were used as input to the informa-

w xtion theory calculations 24 . Water configurations
were also used to perform exhaustive test particle
insertion calculations. Nine different solutes were
chosen for the these insertions. LJ parameters
for these solutes are given in Table 1. The solutes
M1, Me, M2, and M3 have the same s , whereas,
the LJ well depth e is varied from e r2 forM ey M e

the solute M1 to 4e for the solute M3. ForM ey M e

the solutes M4 and M5, the well depth is e ,M ey M e

and the solute]solute s is chosen to give the
solute]water s of 0.32 and 0.36 nm, respectively.
Lorentz]Berthelot rules were used to calculate
the solute]water interaction energy parameters
w x29 . Solutes M4, Me, and M5, thus, have the
same LJ well depth and increasing sizes. For
each solute, the corresponding WCA and HS
equivalents were also considered in the test parti-
cle simulations, amounting to a total of 27 so-
lutes.

Eight million insertions per configuration for
each solute were performed on a cubic grid with
mesh size of approximately 0.01 nm. The box
volume was sampled initially with a test solute
with the corresponding cavity radius equal to 0.28
nm. Insertions of solutes were then performed
only at positions where the insertions of the test
solute were successful. The cavity radius of the
test solute of 0.28 nm is at least 0.02 nm smaller
than the equivalent cavity radii of all the solutes
considered here. Using a test radius of 0.24 nm
did not change the results reported here. Ap-
propriate normalizations were performed to cal-
culate averages. A total of approximately 4 h of
CPU time was required at each temperature on
an SGI R10K processor.

The excess chemical potentials of LJ, WCA,
and HS solutes, the corresponding attractive con-

² :tributions u , and solute]water interac-W C Aat t
² :tion energies u , were calculated for eachSW

w xsolute using 13 ,

uSWe x Ž .m syk T ln exp y 18B ¦ ;ž /k TB W

Table 1
LJ parameters for solute-solute and water-water interactions
w x13,29

Ž .Solute srnm er kJrmol

Ar 0.3415 1.0393
Kr 0.3675 1.4052
Xe 0.3975 1.7852
M1 0.3730 0.6132
Me 0.3730 1.2264
M2 0.3730 2.4528
M3 0.3730 4.9056
M4 0.3234 1.2264
M5 0.4034 1.2264
H O 0.3166 0.65022

uSWAexp y¦ ;ž /k TB W² : Ž .A s , 19
uSWexp y¦ ;ž /k TB W

² :where A represents the average of the quantity
Ž .A e.g. u in the solute]water system. TheSW

averages on the right hand side are calculated for
the pure water system. Solute]water radial dis-
tribution functions were also calculated by aver-
aging appropriate delta functions. For the HS
solutes, only chemical potentials and HS]water
radial distribution functions were calculated.

3. Results and discussion

3.1. Chemical potentials

Fig. 1 shows excess chemical potentials in units
of k T for the solutes M1, Me, M2, and M3 withB
LJ, WCA, and HS solute]water interactions. For
the structural definition of the HS radius used
here, we find that the excess chemical potentials
of WCA solutes are approximately one k TB
higher than those of HS solutes. Note, however,
that the temperature dependences of both WCA
and its equivalent HS solutes are approximately
identical. Beyond ;280 K, mrk T for both theB
solutes decrease monotonically with temperature.

The contribution from solute]water attractive
² :interactions u is also shown in Fig. 1 inW C Aat t

k units. The magnitude of the attractive energyBT
decreases with increasing temperature. Further-



( )S. Garde et al. r Biophysical Chemistry 78 1999 21]32 27

Ž . Ž .Fig. 1. Excess chemical potentials of LJ q , WCA = , and
ŽU .HS solutes in k T units calculated using test particleB

insertions. The arrows indicate curves corresponding to the
order of solutes: M1, Me, M2, and M3. The attractive con-

² : Ž .tribution u rk T is also shown I . Chemical poten-W C Aat t B
Ž . Ž .tials of LJ solutes calculated using Eq. 6 solid lines are
Žcompared with actual insertion results symbols with error

.bars; one standard deviation calculated using block averages .

more, Fig. 1 shows the excess chemical potentials
of the LJ solutes calculated from simulations as

² :well as by adding the u term to theW C Aat t
chemical potentials of corresponding WCA so-
lutes. These are indistinguishable from the excess
chemical potentials of LJ solutes calculated from
simulations, which shows that the approximations

Ž .leading to Eq. 6 are reasonable for the solutes
studied here. Note that the temperature depen-
dence of me x rk T is non-monotonic. This behav-L J B
ior leads to a solubility minimum for these solutes
in water, which we discuss in the following sec-
tion.

3.2. Information theory model

Having verified the validity of the approxima-
tions made in Section 2.1 we next compare the
predictions of excess chemical potentials for HS

Fig. 2. Excess chemical potentials of HS solutes calculated
Ž .using test particle insertions symbols . The lines are informa-

tion theory predictions made using bulk water density and the
water oxygen]oxygen radial distribution function. The arrow
indicates curves corresponding to the order of solutes: M1,
Me, M2, M3, and Xe.

solutes using information theory with those calcu-
lated from test particle insertions. Bulk water
densities and water oxygen]oxygen radial dis-
tribution functions were used to calculate the first
and second moment of the particle number dis-
tributions. The excess chemical potentials of the
HS solutes M1, Me, M2, M3, and Xe, calculated
from information theory using a flat default model
are shown in Fig. 2. Also shown are the corre-
sponding excess chemical potentials calculated
from test particle insertions. The agreement
between the two is excellent except at intermedi-
ate temperatures where slight underpredictions of
excess chemical potentials are observed. Overall,
both the absolute value as well as the tempera-
ture dependence of the chemical potentials are
predicted well using the information theory ap-
proach.

3.3. Attractï e interactions

Ž .In Eq. 17 , the attractive contributions to the
solute excess chemical potential are related to the
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bulk water density r and parameters of the so-
lute]water interactions: the LJ well depth e , and
the solute size s . To verify the accuracy of Eq.
Ž .17 , we define the ratio C of the attractive con-
tribution calculated from test particle insertions

Ž .and that given by Eq. 17 ,

² :u simul at ionat t Ž .Cs . 20² :u eq .17at t

Ž .For an accurate description of g r in Eq.W C Ay O
Ž .16 , the ratio C will be equal to one, indepen-
dent of solute]water interaction parameters as
well as temperature. Fig. 3 shows the C calcu-

² :lated using u obtained from test particleW C Aat t
insertions for the nine LJ solutes listed in Table

Ž .1. g in Eq. 17 is assumed to be equal to 2.0,max
approximately the height of the first peak of the
methane]water oxygen radial distribution func-
tion. Also, g is assumed to be constant, inde-max
pendent of temperature as well as the type of
solute. Remarkably, we find C to be close to one
Ž .1.15)C)1 and independent of the type of
solute, even when using a surprisingly simple de-
scription of the reference solute]water radial dis-
tribution function. Only a weak temperature de-
pendence of C is observed that is due to the
assumption of constancy of g with respect tomax
temperature. This relative insensitivity of
² : Ž .u to the details of g r is ex-W C Aat t W C Ay O

Ž .pected from Eq. 17 . The two terms in the brack-
ets, representing short-range and long-range con-

'² :tributions to u , are 0.414 g and 5 2 r3,W C Aat t max
equal to 0.83 and 2.36, respectively, for g s2.max
In other words, a 25% change in g leads tomax
only approximately 6% change in the final value

² :of u .W C Aat t
Thus, we have shown that both the repulsive as

well as attractive contributions to the solute ex-
cess chemical potentials can be modeled quanti-
tatively using readily available information, such
as the bulk density and radial distribution func-
tion of water, and an empirically obtained con-
stant Cf1. In the following section, we use these
simple models to understand the molecular origin
of the solubility minimum of non-polar gases in
water.

Ž .Fig. 3. The ratio C in Eq. 20 calculated using test particle
insertion data. Values of C for all the nine different solutes
are shown. g is assumed to be 2.00 for all solutes at allmax
temperatures. The dashed line, Cs1, is shown for reference.

3.4. Origin of the solubility minimum

Ostwald’s partition coefficient L of a solute
between a gas phase and water is defined as
w x19,11

e x e xW Ž .m ymr W gS Ž .Ls sexp y , 21g k Tr BS

where r g and rW are the number densities of theS S
solute in the gas and the water phase in thermo-
dynamic equilibrium, respectively, and me x andg
me x are solute excess chemical potentials in theW
gas and the water phase, respectively. Since we
are interested in the solubility behavior below
;400 K, we can assume that the gas phase is

w x e xideal 11,13 , that is, m s0. In that case, Lsg
Ž e x .exp ym rk T , where the subscript W has beenB

omitted for notational simplicity. Thus, a mini-
mum in L with temperature arises from the maxi-
mum in me xrk T. As shown in Fig. 4, me xrk TB B
curves for LJ solutes calculated from test particle
insertions indeed show a maximum for the dif-
ferent LJ solutes studied here. The temperature
corresponding to the solubility minimum in-
creases with increasing strength of solute]water
attractive interactions. In contrast, me xrk T forB
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Fig. 4. yln Lsme xrk T as a function of temperature calcu-B
lated for LJ solutes using test particle insertions. The lines
are rational function fits to the data and are used to locate
accurately the temperature of solubility minimum. The
dash]dot line shows the position of the maximum of me xrk TB
for each curve.

both WCA and HS solutes decrease monotoni-
Žcally with temperature in this range see Figs. 1

. e xand 2 . The maximum value of m rk T for allB
WCA and HS solutes is found at approximately
280 K. The attractive contributions change this

² :behavior. As shown in Fig. 1, the u rk TW C Aat t B
term is more negative at lower temperatures and
decreases in magnitude at higher temperatures.
Addition of the attractive contributions, thus,
lowers the chemical potentials near room temper-
ature more than it does at higher temperatures.
As a result, the maximum in me xrk T obtainedB
for strictly repulsive solutes shifts from Tf280K
to higher temperatures, depending on the strength
of attractive interactions.

This behavior can be understood using the sim-
ple models developed here for the repulsive and
attractive interactions. For a hard sphere solute,
we use a continuous Gaussian approximation for

w xthe water occupancy-number fluctuations 10 ,

e x 2 Ž . 2m r T ¨HS 1 2Ž ² :. Ž .f q ln 2p d n , 2222k T ² :2 d nB

where ¨ is the volume of the HS solute. Since the
second term will be smaller than the first and only

² 2:logarithmically sensitive to the variance d n ,
we can reasonably neglect it for this approximate

² 2:analysis. Furthermore, we find that d n has a
negligible dependence on temperature in the

w x2range of temperatures considered here 10 . In
the macroscopic limit, the particle number vari-

² 2:ance d n is related to the isothermal compress-
ibility of water which is also relatively insensitive
to the temperature compared to, for example,

w xorganic liquids 24,32 . Thus, the temperature de-
pendence of me xrk T arises almost entirely fromB

2Ž . e xthe r T term. m rk T then reaches a maxi-B
mum for both the HS and WCA solutes at a
temperature corresponding approximately to the

Ž .maximum in density of pure water 277 K !
A similar analysis can be used to understand

the temperature dependence of me xrk T for LJB
solutes. For LJ solutes,

e x 2 Ž . 2m r T ¨L J 1 2Ž ² :.f q ln 2p d n22k T ² :2 d nB

3 Ž .4ps er T' 'Ž .yC g 2 y1 q5 2 r3max 3k TB

3 Ž .s er T2 6Ž . Ž .fC r T s yC 231 2 T

2 2 '² : w Žwhere C s8p r9 d n , C s4p C g 2 y1 2 max
3'. x1 q2 2 r3k , ¨ s 4ps r3, and we have ne-B

glected the logarithmic term, as described above.
Fig. 5 illustrates the repulsive and attractive con-
tributions to the LJ solute excess chemical poten-
tial in units of k T for solutes with differentB
interaction parameters. The solid curve shows
me xrk T for the HS solute with ss0.35, theB

Ž . ² 2:first term in Eq. 23 . d n for this solute is
approximately 1.3. Also shown are me xrk T forB
LJ solutes calculated by adding the second term

2 ² 2: 2The variance d n has two contributions: r¨ and r Ḧ
w Ž . x Ž .dr H dr9 g r, r9 }1 , where g r,r9 , is the water]water radial¨

distribution function. The former is positive and decreases
with temperature, whereas the latter is negative and increases
with temperature. The total, however, is remarkably insensi-
tive to temperature.
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Fig. 5. The excess chemical potentials of model LJ solutes in
Ž .k T units calculated using Eq. 23 for ss0.35 nm, es0.3B

kJrmol. The chemical potential curve for the corresponding
Ž . ŽHS solute calculated using Eq. 22 is also shown the lo-

.garithmic term is neglected . The three curves for LJ solutes
correspond to attractive interactions of e , 2e , and 4e , respec-
tively. The top curve shows the variation of the chemical
potential for a solute with parameters, ss0.40 nm, and
es1.2 kJrmol.

Ž . ² :in Eq. 23 , that is the u term, for threeW C Aat t

different LJ well depths, e , 2e , and 4e , respec-
tively. Increasing the strength of attractive inter-
actions makes the chemical potential favorable as
well as shifts the temperature corresponding to
the maximum of me xrk T to higher values. Thus,B

in general, the more attractive the solute]water
interactions, the higher the temperature corre-
sponding to the solubility minimum. In contrast,
for solutes with weak attractive interactions with
water, the solubility minimum will be close to that
for HS or WCA solutes, equal to ;277 K, and at
room temperature, the solubility of these solutes
will increase monotonically with temperature.

In this simple model, the solute size has an
effect on the temperature of solubility minimum
opposite to that of e . For larger solutes, the HS
contribution is higher. Correspondingly, the value
of the chemical potential increases and the tem-
perature of solubility minimum shifts to a lower
value, as illustrated in the top curve in Fig. 5 for a
solute with ss0.40 nm and es1.20 kJrmol.

4. Conclusions

The theoretical development presented in this
paper has led to a simple molecular model for the
temperature dependence of chemical potentials
of LJ solutes in water. The hydration of a LJ
solute is divided into two steps. The reversible
work required for the formation of a cavity of the
shape and size of the solute is calculated using an

w xinformation theory approach 17 . We find that
using only readily available properties of bulk
water } water number density and water oxy-
gen]oxygen radial distribution function } infor-
mation theory provides quantitative estimates of
chemical potentials of HS solutes } the repul-
sive part of the LJ solute chemical potential.
Using ideas regarding water structure in the vicin-

w xity of non-polar solutes developed recently 16 ,
we find that a surprisingly simple representation
of the solute]water radial distribution functions
leads to a quantitative description of the attrac-
tive interactions between solutes and water.

The expression for the excess chemical poten-
tials of LJ solutes obtained here is remarkably
simple. We find that the variance of particle num-
ber fluctuations in molecular-scale volumes is al-
most independent of temperature up to a temper-

w xature of ;450 K 10 . The macroscopic expres-
sion of this behavior is the relatï e temperature
insensitivity of the water isothermal compressibil-
ity compared to hydrocarbon liquids; in compar-
ison to benzene, normal alkanes, and carbon te-
trachloride, the isothermal compressibility of liq-
uid water varies only weakly along the saturation

w xcurve up to 450 K 32 . The temperature depen-
dence of both repulsive as well as attractive con-
tributions, thus, arises predominately from the
temperature dependence of the bulk water den-
sity. This information is contained in the equation
of state of pure water. For given solute]water

Ž .interaction parameters, Eq. 23 then represents
the sort of simple relationship of solute chemical
potentials with macroscopic observable properties
of water that we set out to derive in the begin-
ning.

The thermodynamic properties of hydration can
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be calculated by modeling the excess chemical
potentials. Near room temperature, the entropy
of hydration is large and negative, whereas the
heat capacity of hydration is large and positive
w x e x10,33 . At the extremum of m rk T , its temper-B
ature derivative, yH e xrk T 2 is zero, where H e x

B
is the excess enthalpy of hydration. Furthermore,
the second derivative at the extremum,
yC e xrk T 2, where C e x is the excess heat capac-p B p
ity of hydration at constant pressure, is negative,
consistent with a maximum of me xrk T. A moreB
detailed investigation into the thermodynamic
properties of hydration in the first } cavity for-
mation } and the second } attractive interac-
tions } step will shed light on the solvent reorga-

w xnization contributions 27 .
The solute size and strength of attractive inter-

actions can be related, in principle, to critical
properties, such as the critical temperature, pres-
sure, and volume. Such a connection is clear for
pure solute phases obeying a van der Waals equa-

w xtion of state 34 . Qualitatively, gaseous solutes
with higher critical temperatures, for example,
close to ambient temperature, will have more
favorable attractive interactions compared to
those with critical temperatures lower than the
ambient temperature. Following the discussion in
the preceding section, more favorable attractive
interactions imply a higher temperature for the

w xsolubility minimum 35 . Such a correlation is
indeed observed in experimental data on the solu-

w xbility of a variety of gases in water 35 .
An interesting connection can be made between

these results and recent experimental data on the
effects of temperature and surfactant chain length

w xon the CMC of surfactants 9 . It is well-known
that, as a function of temperature, the CMCs of
both non-ionic and ionic surfactants exhibit a
minimum near room temperature. The minimum
in the solubility of the hydrophobic tails in water
would lead to the minimum in CMC of a surfac-
tant. The dependence of T , the temperature ofmin
CMC minimum, on the surfactant length is also
interesting. Here we consider non-ionic C E sur-i j
factants, where i and j are the numbers of methy-
lene groups C and ethylene oxide groups E, the
hydrophobic and the hydrophilic parts, respec-

w xtively. Recent experimental data 9 show that the

Ž .effect of chain lengths of hydrophobic i and
Ž .hydrophilic j parts on T are similar to thosemin

Ž .of solute size s and the strength of the
Ž .solute]water attractive interaction e , respec-

tively, on the temperature for solubility minimum.
For surfactants C E , C E , and C E , the12 4 12 6 12 8

w xvalues of T are 46, 49, and 528, respectively 9 .min
Thus, increasing the length of the hydrophilic
part, that is, the attractive interactions, increases
T . On the other hand, the values of T formin min
surfactants C E , C E , and C E are 61, 52,10 8 12 8 14 8

w xand 468, respectively 9 . This trend is again ex-
pected from the modeling presented here. A
quantitative prediction of T , however, will re-min
quire detailed modeling of the thermodynamics of
micelle formation.

Finally, we note that the phenomenon of a
minimum in the solubility of gases in liquids is
not special to water, but is observed for common

w xgases in organic liquids 11,12 as well as in po-
w xlymers 36 . The modeling presented here can be

w xreadily extended to those liquids as well 37 .
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